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In this paper, we consider the permanence of a discrete SIRS epidemic model with time
delays. This model is constructed from the discretization by the Euler method. Applying
the technique to prove the existence of an eventual lower bound in a continuous epidemic
model, a sufficient condition for the permanence of the above discrete SIRS epidemicmodel
is obtained.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Recently, Zhang and Teng [1] considered the global behavior of equilibria and permanence of disease for a generalized
continuous SIRS epidemic model with time delays:
S ′(t) = 3− β(I)S(t)
∫ τ
0
I(t − s)dη(s)− µ1S(t)+ δR(t),
I ′(t) = β(I)S(t)
∫ τ
0
I(t − s)dη(s)− (µ2 + r)I(t),
R′(t) = rI(t)− (µ3 + δ)R(t),
(1)
where β(I) is the probability per unit time.
For a continuous SIR epidemic model with one delay, some conditions for the global stability of the equilibria and
permanence are well known (for example [2,3]), and a SIR model is assumed that the recovery class has a permanent
immunity to a disease. On the other hand, there exist some models assuming that the recovery class has only temporary
immunity. Such a model is called a ‘‘SIRS epidemic model’’. In most epidemic models, the bilinear incidence rate βSI and
standard incidence rate β(S/N)I are frequently used as the form of incidence rate. There are also several notations for the
force of infection. Moreover, it may be more realistic to consider a distributed delay than a constant delay.
A slightly complicated epidemic model such as (1) may be helpful for understanding more realistic phenomenon for
diseases. Therefore, we consider the following discrete model of (1):
Sn+1 = 3+ (1− µ1)Sn − β(In+1)Sn+1
τ∑
k=0
In+1−kηk + δRn,
In+1 = β(In)Sn
τ∑
k=0
In−kηk + (1− µ2)In − rIn+1,
Rn+1 = rIn + (1− µ3)Rn − δRn+1,
(2)
∗ Tel.: +81 3 3260 4271.
E-mail address: emafarms@gmail.com.
0893-9659/$ – see front matter© 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2010.06.013
M. Sekiguchi / Applied Mathematics Letters 23 (2010) 1280–1285 1281
where Sn is the susceptible class, In is the infective class, and Rn is the recovered class at n-th step. The nonnegative constants
µ1,µ2 andµ3 represent the death rates of the susceptible, infective and recovered classes, respectively. The constant3 > 0
represents the immigration rate, assuming all newborns to be susceptible. r is the recovery rate. The recovered class becomes
susceptible again at a constant rate δ ≥ 0. β(I) is the probability per unit time and the incidence is used with the form
β(In)Sn
∑τ
k=0 In−kηk, which includes various delays. In a natural biological context, we assume thatβ(I) is a positive function
and there exists a constant value Iβ > 0 such that β(I) is nondecreasing on the interval [0, Iβ ]. The constant integer τ ≥ 0
is the time delay. The sequence {ηk} : −∞ < ηk < ∞, (k = 0, 1, . . . , τ ) is nondecreasing and has a bounded variation.
These definitions and assumptions follow in [1].
For a construction of a discrete epidemic model, Izzo and Vecchio [4] obtained a new discretization by using a ‘‘mixed
type’’ formula which uses implicit and explicit Euler methods. Their discretization showed some good properties for
positivity, boundedness, and global behavior of the solution. In particular, positivity of the solutions is necessary, but this
is difficult to demonstrate in discretized models using only explicit Euler methods. To use implicit terms is effective and
important in discussing the stability of the solution in discrete models. System (2) is derived from the similar discretization
given in [4]. Wang [5] offered an interesting method to prove the existence of an eventual lower bound of infective class in
a continuous epidemic model. Our remarkable result is in applying the method given by [5] to the discrete epidemic model
(2) using implicit and explicit terms (cf. [6]).
We show a sufficient condition that (2) is permanent if an endemic equilibrium exists. The sufficient conditions obtained
for permanence are very simple, and are quite similar to the case of a continuous epidemic model considered in [1]. In most
epidemic models, permanence is an important property because it implies that the disease continues to exist for any initial
conditions.
System (2) is said to be permanent if there are positive constantsmi andMi (i = 1, 2, 3) such that
m1 ≤ lim inf
n→∞ Sn ≤ lim supn→∞ Sn ≤ M1,
m2 ≤ lim inf
n→∞ In ≤ lim supn→∞ In ≤ M2,
m3 ≤ lim inf
n→∞ Rn ≤ lim supn→∞ Rn ≤ M3,
hold for any sequence Sn, In and Rn of (2). In each class Sn, In and Rn, mi and Mi (i = 1, 2, 3) are independent of the initial
conditions, individually.
2. Permanence
The initial condition of (2) is given as
Sθ = φ1(θ), Iθ = φ2(θ) and Rθ = φ3(θ) for θ = −τ ,−τ + 1, . . . , 0, (3)
where φi(θ) ≥ 0 (i = 1, 2, 3) for θ = −τ ,−τ + 1, . . . , 0. In the biological context, we further assume that φi(0) > 0
for i = 1, 2, 3. According to the assumptions and definitions in [1], we define a positive constant η¯ ≡ ∑τk=0 ηk and the
following parameter σ :
σ ≡ β(0)η¯ 3
µ1(µ2 + r) ,
which is the same as the basic reproduction number given in [1]. If β(I) = β > 0 is a constant and σ > 1, the equilibria of
(2) are as follows:
E0 =
(
3
µ1
, 0, 0
)
, E∗ = (S∗, I∗, R∗),
where
S∗ = µ2 + r
βη¯
, I∗ = (µ3 + δ)(3− µ1S
∗)
µ2(µ3 + δ)+ µ3r and R
∗ = r
µ3 + δ I
∗.
First, we prove the positivity of any sequences {Sn}, {In} and {Rn} by using natural hypothesis. The proof of the following
lemma is similar to the proof of Theorem 3.1 in [4].
Lemma 1. Assume that max{µ1, µ2, µ3} < 1. Then any sequences {Sn}, {In}, {Rn} of (2) are positive for all n ∈ N.
Throughout the paper, it is biologically natural to assume µ2, µ3 ≥ µ1 (that is, the death rates of the infective and
removed classes may increase because of diseases).
Moreover, we assume that the total population number Nn = Sn + In + Rn satisfies the following form:
Nn+1 − Nn = 3− µ1Sn − µ2In − µ3Rn.
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Then, we have
Nn+1 ≤ 3+ (1− µ1)Nn ≤ 3
µ1
{
1− (1− µ1)n+1
}+ (1− µ1)n+1N0 ≤ max{ 3
µ1
,N0
}
.
For the sake of simplicity, we assume N0 ≤ 3/µ1. In fact, if N0 > 3/µ1, we can see that N1 − N0 < 0. If N1 > 3/µ1, we
can also see that N2 − N1 < 0. Together this means that Nn decreases for each n > 0 if Nn−1 > 3/µ1. Hence, there exists
j ∈ N such that Nj ≤ 3/µ1. Hence, from the positivity of the sequences {Sn}, {In}, {Rn} of (2), we may use Nj as a starting
value instead of N0.
Therefore, we have the following theorem.
Theorem 2. Assume that max{µ1, µ2, µ3} < 1 andµ2, µ3 ≥ µ1. Then for any initial conditions in (3), the sequences {Sn}, {In}
and {Rn} have upper bounds, that is, lim supn→∞ Nn ≤ 3/µ1.
Now, we show the following main theorem.
Theorem 3. Assume that max{µ1, µ2, µ3} < 1 and µ2, µ3 ≥ µ1. Then, (2) is permanent if σ > 1.
Proof. First, we show that there exists a positive constant εS such that lim infn→∞ Sn ≥ εS . From the first equation of (2)
and Lemma 1, for sufficiently large n, we obtain
Sn = 3+ (1− µ1)Sn−1 + δRn−1
1+ β(In)
τ∑
k=0
In−kηk
≥ 3
1+ β(In)
τ∑
k=0
In−kηk
.
Set βM = maxI∈[0,3/µ1] β(I). Then, we have
Sn ≥ εS ≡ 3µ1
µ1 + βM η¯3 ,
which implies lim infn→∞ Sn ≥ εS .
Next, we show that there exists a positive constant εI such that lim infn→∞ In ≥ εI . Since σ = β(0)η¯3/{µ1(µ2+r)} > 1,
this implies that there exist real numbers 0 < α < Iβ and ρ > 0 such that
β(0)η¯
µ2 + r ×
3
µ1 + αβ(α)η¯
{
1−
(
1− µ1
1+ αβ(α)η¯
)ρτ}
> 1.
We define the following value
S∆ ≡ 3
µ1 + αβ(α)η¯
{
1−
(
1− µ1
1+ αβ(α)η¯
)ρτ}
.
Let us consider the following function
Vn ≡ In + µ2 + r
η¯(1+ r)
τ∑
k=0
(
n−1∑
l=n−k
Il
)
ηk,
where
∑n−1
l=n Il = 0. Then,
∆V = In+1 − In + µ2 + r
η¯(1+ r)
τ∑
k=0
{(
n∑
l=n+1−k
Il
)
ηk −
(
n−1∑
l=n−k
Il
)
ηk
}
=
β(In)Sn
τ∑
k=0
In−kηk − (µ2 + r)In
1+ r +
µ2 + r
η¯(1+ r)
τ∑
k=0
{Inηk − In−kηk}
= β(In)Sn −
µ2+r
η¯
1+ r
τ∑
k=0
In−kηk.
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We claim that it is impossible for In < α for all n ≥ n1 ≥ dρτe. Suppose the contrary. Then, from the first equation of (2),
for n ≥ n1 + τ ,
Sn = 3+ (1− µ1)Sn−1 + δRn−1
1+ β(In)
τ∑
k=0
In−kηk
>
3+ (1− µ1)Sn−1
1+ αβ(α)η¯
>
3
1+ αβ(α)η¯
{
1+ 1− µ1
1+ αβ(α)η¯ + · · · +
(
1− µ1
1+ αβ(α)η¯
)n−n1−τ−1}
+
(
1− µ1
1+ αβ(α)η¯
)n−n1−τ
Sn1+τ
>
3
µ1 + αβ(α)η¯
{
1−
(
1− µ1
1+ αβ(α)η¯
)n−n1−τ}
.
Therefore, for n ≥ n1 + τ + dρτe,
Sn >
3
µ1 + αβ(α)η¯
{
1−
(
1− µ1
1+ αβ(α)η¯
)dρτe}
≥ 3
µ1 + αβ(α)η¯
{
1−
(
1− µ1
1+ αβ(α)η¯
)ρτ}
= S∆.
Then, by the above inequality, we have that, for n ≥ n1 + τ + dρτe,
∆V >
β(0)S∆ − µ2+r
η¯
1+ r
τ∑
k=0
In−kηk = µ2 + r
η¯(1+ r)
(
β(0)S∆
η¯
µ2 + r − 1
) τ∑
k=0
In−kηk.
Set
i = min
θ
In1+2τ+dρτe+θ and θ = −τ ,−τ + 1, . . . , 0.
We prove that In ≥ i for n ≥ n1 + τ + dρτe. Suppose the contrary, that is, we suppose that there exists a nonnegative
integer n∗ such that
In ≥ i for n1 + τ + dρτe ≤ n ≤ n1 + τ + dρτe + n∗,
In+1 < i for n = n1 + τ + dρτe + n∗.
Moreover, we consider a positive integer j such that
Ij = i for n1 + τ + dρτe ≤ j ≤ n1 + τ + dρτe + n∗.
On the other hand, by the second equation of (2), for n = n1 + τ + dρτe + n∗,
In+1 − Ij =
β(In)Sn
τ∑
k=0
In−kηk + (1− µ2)In
1+ r −
1+ r
1+ r Ij
≥
β(In)Sn
τ∑
k=0
Ijηk + (1− µ2)Ij
1+ r −
1+ r
1+ r Ij
=
β(In)Sn
τ∑
k=0
ηk − (µ2 + r)
1+ r Ij
>
β(0)S∆η¯ − (µ2 + r)
1+ r i
= µ2 + r
1+ r
(
β(0)η¯S∆
µ2 + r − 1
)
i > 0.
This is a contradiction. Hence, In ≥ i for n ≥ n1 + τ + dρτe. Consequently, for n ≥ n1 + 2τ + dρτe, we have that
∆V >
µ2 + r
η¯(1+ r)
(
β(0)S∆
η¯
µ2 + r − 1
) τ∑
k=0
In−kηk ≥ µ2 + r1+ r
(
β(0)S∆
η¯
µ2 + r − 1
)
i > 0,
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which implies Vn →+∞ as n→+∞. However, by the positivity of In for all n ∈ N,
Vn ≤ λ
µ1
+ µ2 + r
η¯(1+ r)
{
τ∑
k=0
τ
3
µ1
ηk
}
≤ λ
µ1
+ 3τ(µ2 + r)
µ1(1+ r) .
This is a contradiction. Hence, the claim is proved. From this claim, we discuss the following two possibilities.
(i) In ≥ α for all large n.
(ii) In oscillates about α for all large n.
We show that In ≥ εI as n is sufficiently large, where εI is a positive constant. Clearly, we only need to consider the case (ii).
Let positive integers n2 and n3 be sufficiently large such that
In2 ≥ α, In3 ≥ α,
In < α for n2 < n < n3.
If n3 − n2 ≤ τ + dρτe, from (2) and In2 ≥ α, we obtain
In =
β(In−1)Sn−1
τ∑
k=0
In−1−kηk + (1− µ2)In−1
1+ r
=
β(In−1)Sn−1
τ∑
k=0
In−1−kηk
1+ r +
β(In−2)Sn−2
τ∑
k=0
In−2−kηk
1+ r ×
1− µ2
1+ r + · · ·
+
β(In2)Sn2
τ∑
k=0
In2−kηk
1+ r ×
(
1− µ2
1+ r
)n−n2−1
+
(
1− µ2
1+ r
)n−n2
In2
>
(
1− µ2
1+ r
)n−n2
In2
≥ εI ≡ α
(
1− µ2
1+ r
)τ+dρτe
.
This implies In > εI for n2 ≤ n ≤ n3. If n3 − n2 > τ + dρτe, then it is clearly In > εI for n2 ≤ n ≤ n2 + τ + dρτe. Now, we
assume that there is a nonnegative integer nˆ ≥ 0 such that
In ≥ εI for n2 + τ + dρτe ≤ n ≤ n2 + τ + dρτe + nˆ,
In+1 < εI for n = n2 + τ + dρτe + nˆ.
Moreover, we consider a positive integer j such that
Ij = min
n
In ≥ εI for n2 + τ + dρτe ≤ n ≤ n2 + τ + dρτe + nˆ.
However, for n = n2 + τ + dρτe + nˆ, we have
In+1 − Ij ≥ β(0)η¯S
∆ − (µ2 + r)
1+ r εI > 0.
This is a contradiction. So In > εI is valid for any n2 ≤ n ≤ n3. Hence, we have lim infn→∞ In ≥ εI .
From the third equation of (2), it is easy to see
lim inf
n→∞ Rn ≥
r
µ3 + δ lim infn→∞ In ≥ εR ≡
r
µ3 + δ εI .
Hence, this proof is completed. 
From the above discussion, we show a sufficient condition of the permanence in a discrete epidemicmodel with time delays.
These results may be helpful to analysis some discrete models with or without time delays.
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